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Introduction
In [9, Theorem 6.5], it is shown that given a right proper model category M ,
whose weak equivalences are closed under finite products, the maps [X, Y ]M
in the homotopy category of M can be described as the path components of
a cocycle category h(X, Y )M . Its objects are diagrams
X
f
←− A
g
−→ Y
inM with f a weak equivalence and its morphisms are commutative diagrams
A
f
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥

g
  ❆
❆❆
❆❆
❆❆
❆
X Y
A′
f ′
``❆❆❆❆❆❆❆❆ g′
>>⑥⑥⑥⑥⑥⑥⑥
If G is a sheaf of groups on a site C , then a G-torsor is traditionally
defined to be a sheaf F with a principal and transitive G-action. This is
equivalent to the fact that for the classical Borel construction EG×G F the
unique map
EG×G F → ∗
is a local weak equivalence. Thus, every G-torsor determines a cocycle
∗ ← EG×G F → BG.
1
This map induces a bijection
pi0(TorsG)→ pi0h(∗, B(G))sPre(C )
between path components of the category of G-torsors and path components
of the cocycle category h(∗, B(G))sPre(C ), leading to the homotopy classifi-
cation of torsors (i.e. the homotopy theoretic interpretation of non-abelian
H1).
The technique of cocycles has numerous other applications, which are
described in [9, Chapter 9] and [8]. These include homotopy classification of
gerbes (non-abelian H2) and an explicit model for stack completion.
The ultimate purpose of this paper is to show that cocycle-theoretic tech-
niques apply to local higher category theory in the sense of [14] and [15].
However, the problem is that neither the Joyal or the complete Segal model
structures (and by extension their local analogues) are right proper. In fact,
the only right proper model of higher categories is Bergner’s model structure
on simplicial categories. A major goal of this paper is to prove the existence
of a local version of Bergner’s model structure on simplicial categories and
show that it is Quillen equivalent to the local Joyal model structure.
As an application of the theory of cocycles, we will prove a generalization
of the homotopy classification of torsors. In particular, given an arbitrary
presheaf of Kan complexes X , we will describe a bijection between the path
components of a category of torsors and the maps
[∗, X ]sPre(C )
in the homotopy category of the injective model structure (6.13).
The first two sections of the paper are devoted, respectively, to review-
ing some basic aspects of local homotopy theory and model structures on
simplicial categories (i.e. the Bergner model structure).
In the third section, we define an appropriate local analogue of weak
equivalences for the Bergner model structure. In the fourth section, we prove
some auxiliary results related to Boolean localization and local fibrations. In
the the fifth section, we will prove the existence of a local analogue of the
Bergner model structure, and show that it is Quillen equivalent to the local
Joyal model structure.
In the final section, the technique of cocycles is applied to describe the
maps [∗, X ] in the homotopy category of the local Bergner model structure,
in the case that pi0(X) is a presheaf of groupoids.
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Basic Notational and Terminological Conven-
tions
For each n ∈ N, write [n] for the ordinal number category with n+1 objects
{0, 1, · · · , n−1, n}. We write Set, sSet for the categories of sets and simplicial
sets, respectively.
We will write homC(x, y) for the set of morphisms between two objects
x, y of a category C. Oftentimes, we will omit the subscript, because the
category is obvious from the context. Given a small category C, we will
write Iso(C) for the subcategory of C whose objects are the objects of C
and whose morphisms are the isomorphisms of C. Given a small category
C, we write Mor(C) and Ob(C) for the set of morphisms and objects of C,
respectively. In the internal description of the category, the source, target,
identity, and composition maps are respectively denoted s, t, ident, c.
Given a category C enriched over simplicial sets, we will write Ob(C) and
Mor(C) for the set of objects and the simplicial sets of morphisms, respec-
tively. The source, target, identity, and composition maps are respectively
denoted s, t, ident, c in the internal description of the simplicially enriched
category.
Given a small category C, write B(C) for the nerve of C. Given two
simplicial sets K, Y , write XK for the simplicial set whose n-simplices are
maps hom(K×∆n, Y ). The nerve functor has a left adjoint, which we denote
P : sSet→ Cat.
Given a simplicial set X , we call P (X) the path category of X . We write
pi(X) = P (X)[P (X)−1].
This object is called the fundamental groupoid of X .
1 Background on Local Homotopy Theory
Throughout the paper, we will fix a small Grothendieck site C . Thus,
sPre(C ) and sSh(C ) are the simplicial presheaves and simplicial sheaves
on C , respectively. Throughout the paper, we fix a Boolean localization (see
below) p : sSh(C )→ sSh(B).
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Central to this paper is the use of the injective model structure on
sPre(C ), in which the weak equivalences are ’stalkwise weak equivalences’
and cofibrations are monomorphisms (c.f. [9, pg. 63-64]). We will call its
weak equivalences local weak equivalences and its fibrations injective
fibrations. The proof of the existence of this model structure is found in [9,
Chapters 4 and 5].
Recall that the Joyal model structure on simplicial sets is the unique
model structure on sSet such that
1. the cofibrations are monomorphisms.
2. the fibrant objects are quasi-categories.
The existence of the Joyal model structure is asserted in [13, Theorem 2.2.5.1]
and [12, Theorem 6.12]. We call its weak equivalences Joyal equivalences
and its fibrations quasi-fibrations. A brief overview of some of its proper-
ties, useful for our purposes, is found in [14].
Recall from [14, Theorem 3.3] that there is a model structure, called the
local Joyal model structure, on sPre(C ) in which the weak equivalences
are ‘stalkwise’ Joyal equivalences. We call its weak equivalences local Joyal
equivalences and its fibrations quasi-injective fibrations.
The technique of Boolean localization is used extensively thoughout
the paper. A Boolean localization is a cover of a Grothendieck topos by the
topos of sheaves on a complete Boolean algebra. The relevant properties
of Boolean localization can be found in [14, Section 2]. However, a more
comprehensive exposition is found in [9, Chapter 3].
Suppose that X, Y : C op → C are functors, f : X → Y is a natural
transformation and i : K → L is a map in C. We say that f has local right
lifting property with respect to i if for every commutative diagram
K //

X(U)

L // Y (U)
with U ∈ Ob(C ), there is exists a covering sieve R ⊆ hom(−, U), such that
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the lift exists in the diagram
K //

X(U)
X(φ) // X(V )

L //
55
Y (U)
Y (φ)
// Y (V )
for each φ ∈ R.
This leads to the various notion of local fibrations (e.g. local Kan fibra-
tions), which are highly useful in local homotopy theory. The facts we need
about local fibrations are summarized in [14, Section 2]. However, a more
comprehensive exposition is found in [9, Chapter 4].
2 The Dwyer-Kan and Bergner Model Struc-
ture
We call a small category enriched in simplicial sets a simplicial category.
We will denote the category of simplicial categories by sCat.
Let O be a set. Write sCatO for the subcategory of sCat whose objects
are simplicial categories C with object set O and whose morphisms are the
identity on objects.
In [4] it was proven that there was a proper model structure on sCatO
whose fibrations are maps which induce Kan fibrations of simplicial homs
and whose weak equivalences are maps that induce weak equivalences of
simplicial homs. We call this the Dwyer-Kan model structure.
Given a category C, we denote by F (C) the free category with one gen-
erator for each non-identity map of C. There are maps F 2(C)→ F (C) and
C → F (C), which define a simplicial object F∗(C) called the simplicial
resolution of C (c.f. [4, Definition 2.5]).
Given a simplicial category C, we write DK(C) for the diagonal of the
simplicial resolution of C. There is a natural weak equivalence DK(C)→ C
which is in fact a cofibrant replacement, since the cofibrant objects in the
Dwyer-Kan model structure are exactly the retracts of free objects ([4, Propo-
sition 7.6]).
Given a simplicial category C, one can construct a category pi0(C), whose
objects are the objects of C and which satisfies hompi0(C)(x, y) = pi0homC(x, y).
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A map f ∈ homC(x, y)0 is called an equivalence if and only if it is an iso-
morphism in pi0(C).
In [1], Bergner constructs a right proper model category on the category
of simplicial categories with the following properties.
1. The weak equivalences (sCat-equivalences) are those maps f : C →
D such that
(a) homC(x, y) → homD(f(x), f(y)) are weak equivalences for all
x, y ∈ C.
(b) pi0(C)→ pi0(D) is essentially surjective.
2. The fibrations (sCat-fibrations) are maps f : C → D such that
(a) homC(x, y) → homD(f(x), f(y)) are Kan fibrations for all x, y ∈
C.
(b) Any equivalence f(x) → y in D lifts to an equivalence x → z in
C.
3. The cofibrations are those maps which have the left lifting property
with respect to maps which are both fibrations and weak equivalences.
The sCat-equivalences are referred to as DK-equivalences in [1].
Condition b) in the definition of sCat-fibration can be replaced with the
following condition
(b’) pi0(f) is an isofibration.
Definition 2.1. There is a functor U : sSet → sCat such that U(S) is a
simplicial category which has two objects x, y, homU(S)(x, y) = S and U(S)
has no other non-identity morphisms.
The Bergner model structure is cofibrantly generated with generating
cofibrations
1. U(∂∆n)→ U(∆n) for n ∈ N.
2. ∅ → ∗.
and generating trivial cofibrations
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1. The inclusions U(Λni )→ U(∆
n).
2. The inclusion maps ∗ → H, where H runs over the set of isomorphism
classes of simplicial categories with the following properties
(a) Ob(H) = {x, y}.
(b) The simplicial sets homH(x, y), homH(x, x), homH(y, y) and homH(y, x)
are weakly contractible and have countably many non-degenerate
simplices.
(c) ∗
x
−→ H is a cofibration.
Lemma 2.2. The cofibrations in the Bergner model structure are monomor-
phisms.
Proof. The non-trivial part is to show that a pushout of in : U(∂∆
n) →
U(∆n) is a monomorphism. Such a pushout is obtained in each simplicial
degree by adding morphisms, so it suffices to show that the right hand map
in the pushout
{0, 1}
(x,y)

// C
g

[1] // D
is a monomorphism.
Consider the pushout
∂∆1

// BC
h

∆1 // X
Since P preserves pushouts, PBC → PX is naturally isomorphic to C → D.
Note that BC → X is a monomorphism, so that C → D is a monomorphism
on objects. X is obtained by adjoining a 1-simplex α to BC. Now, the
morphism of PX can be represented by strings of 1-simplices modulo an
equivalence relation. Note that if α appears in a string
a0 → · · ·ai → x
α
−→ y · · · an,
then no composition relation of C can remove it. Thus, if y1, y2 are morphisms
in C and y1 ≃ y2, then they must be equivalent by some composition laws
in C, so that y1 = y2.
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Definition 2.3. Suppose that Ω∗ is a cosimplicial object of a category C.
Then there is a pair of adjoint functors associated to Ω∗
| |Ω∗ : sSet⇆ C : SingΩ∗ .
The left adjoint is given by
|S|Ω∗ = lim
−→
∆n→S
Ωn
and the right adjoint is given by SingΩ∗(S)n = hom(Ω
n, S). The right adjoint
is known as a singular functor associated to Ω∗.
For each n ∈ N there is a simplicial category Φn such that
1. The objects Φn are the objects in the set {0, 1 · · · , n}.
2. homΦn(i, j) can be identified with the nerve of the poset Pn[i, j] of
subsets of the interval [i, j] which contains the endpoints. That is,
homΦn(i, j) ∼= (∆
1)i−j−1.
3. Composition is induced by union of posets.
These Φn glue together to give a cosimplicial object Φ. The singular functor
associated to Φ is called the homotopy coherent nerve, and is denoted
B. We write C for its left adjoint.
The homotopy coherent nerve is significant because of the following the-
orem.
Theorem 2.4. There is a Quillen equivalence
C : sSet⇆ sCat : B
between the Joyal model structure and the Bergner model structure.
This theorem appears as [13, Theorem 2.2.5.1], [3, Corollary 8.2] and [11,
Theorem 2.10].
We now want to construct a sectionwise fibration replacement of a mor-
phism in the Bergner model structure. This will be important in proving the
existence of the local Bergner model structure (c.f. 5.5).
Given a simplicial category C and n ∈ N, we can construct a simplicial
category C(n) such that its objects are objects of C and homC(n)(x, y) =
homC(x, y)
∆n.
8
Example 2.5. Let f : X → Y be a map of fibrant simplicial categories.
Write Y I for the fibrant simplicial category Y (1). For i = 0, 1, let di : Y
I →
Y be the map such that it is the identity on objects and for x, y ∈ Y I ,
homY I (x, y)→ homY (x, y) is the map
homY (x, y)
∆1 → homY (x, y)
induced by di : ∆0 → ∆1. This map is a trivial fibration since Y is fibrant.
Thus, each di is trivial sCat-fibration. Moreover, the di’s have a common
section s, and one can apply a standard construction for categories of fibrant
objects (c.f. the factorization lemma of [2, pg. 421]) to produce a functorial
fibration replacement
X
s∗ //
f   ❆
❆❆
❆❆
❆❆
❆ Zf
pi

Y
such that s∗ is the section of a trivial sCat-fibration.
Given a simplicial category C, write Ex∞(C) for the simplicial category
obtained by applying Ex∞ to the internal description of C (i.e. Mor(C),
Ob(C), composition operation, etc.).
Example 2.6. We can use the right properness of the Bergner model struc-
ture to construct a functorial fibration replacement for arbitrary maps of
simplicial categories f : X → Y . Consider the diagram
X
j //
f

θf
❃
❃❃
❃❃
❃❃
❃ Ex
∞(X)
Ex∞(f)

s∗
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑
Z˜f
pif
  
  
  
  
j∗
// ZEx∞(f)
pi
yysss
ss
ss
ss
s
Y
j
// Ex∞(Y )
in which pi ◦ s∗ is the functorial factorization constructed in 2.5 and the front
face is a pullback. By the right properness of the Bergner model structure,
j∗ is an sCat-equivalence. Thus, so is θf . Finally, pif is an sCat-fibration,
and the map pif is a fibration replacement of f .
This construction is functorial and commutes with filtered colimits.
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3 Local sCat-Equivalences
Let f : C → D be a functor. Consider the pullback of categories Iso(D)[1]×D
C, whose objects are isomorphisms f(c)→ d in D and whose morphisms are
commutative squares
f(c) //

d

f(c′) // d′
in D. We can define a map φf : Iso(D)
[1] ×D C → D by (f(c)→ d) 7→ d.
Lemma 3.1. A functor f : C → D is an equivalence of categories if and
only if
1. Mor(C)→ Mor(D)×(Ob(D)×Ob(D)) (Ob(C)×Ob(C)) is a bijection (fully
faithful).
2. φf : Iso(D)
[1] ×D C → D has the right lifting property with respect to
∅ → ∗ (essentially surjective).
Throughout the rest of the document write CatPre(C ) and sCatPre(C )
for the presheaves of categories on the site C and the presheaves of simplicial
categories on C , respectively.
Given a map of presheaves of categories f : C → D, we can form a
pullback Iso(D)[1]×D C such that Ob(Iso(D)
[1]×D C)(U) consists of isomor-
phisms f(c) → d in D(U). We also have a map φf : Iso(D)
[1] ×D C → D
which in each section is the map φf of 3.1.
In light of the preceding lemma, we have the following definition.
Definition 3.2. Suppose that f : X → Y is a map of presheaves of cat-
egories. Then we say that f is a local equivalence of presheaves of
categories if and only if
1. The sheafification of the diagram
Mor(X) //

Mor(Y )

Ob(X)×Ob(X) // Ob(Y )×Ob(Y )
is a pullback.
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2. φf : Iso(Y )
[1]×Y X → Y has the local right lifting property with respect
to ∅ → ∗.
Definition 3.3. We call a map f : X → Y of presheaves of simplicial
categories a local sCat-equivalence if and only if
1. The following diagram is homotopy cartesian for the injective model
structure
Mor(X) //

Mor(Y )
(s,t)

Ob(X)×Ob(X) // Ob(Y )×Ob(Y )
2. pi0(X)→ pi0(Y ) is a local equivalence of presheaves of categories.
The following is [9, Lemma 5.20].
Lemma 3.4. Suppose we have a pullback diagram of simplicial presheaves
B ×D C //

B

C
f
// D
where f is a local Kan fibration. Then the diagram is homotopy cartesian for
the injective model structure.
Remark 3.5. Let f : X → Y be a map of simplicial presheaves. Note that
Ob(X) × Ob(X) → Ob(Y ) × Ob(Y ) is a sectionwise Kan fibration. Thus,
condition 1 of 3.3 holds if and only if
Mor(X)→ Mor(Y )×(Ob(Y )×Ob(Y )) (Ob(X)×Ob(X))
is a local weak equivalence.
In particular, this shows that condition 1 of 3.3 is a local analogue of
condition (a) in the definition of sCat-equivalence.
Remark 3.6. It is clear from 3.1 and 3.5 that a sectionwise sCat-equivalence
of presheaves of simplicial categories is also a local sCat-equivalence.
Lemma 3.7. Suppose that f : C → D is a map of presheaves of simplicial
categories. Then f is a local sCat-equivalence if and only if
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1. f satisfies condition 1 of 3.3.
2. The map φpi0(f) : (Iso(pi0D))
[1] ×(pi0D) (pi0C) → (pi0D) of 3.2 has the
local right lifting property with respect to ∅ → ∗.
Proof. It suffices to show that these properties imply that pi0(f) satisfies
condition (1) of 3.2. By 3.5, we have a bijection
L2pi0Mor(X)→ L
2pi0(Mor(Y )×(Ob(Y )×Ob(Y )) (Ob(X)×Ob(X))). (1)
Since pi0 commutes with coproducts, there is a natural isomorphism pi0Mor(X) ∼=
Mor(pi0(X)), and by definition Ob(pi0X) = Ob(X)0 = pi0Ob(X). It follows
that the map in 1 is naturally isomorphic to the sheafification of
Mor(pi0X)→ Mor(pi0Y )×(Ob(pi0Y )×Ob(pi0Y )) (Ob(pi0X)×Ob(pi0X)),
as required.
Lemma 3.8. X → L2(X) is a local sCat-equivalence.
Proof. The maps pi0(X)→ pi0(L
2(X)) and
Mor(X)→ (Ob(X)×Ob(X))×Ob(L2(X))×Ob(L2(X)) Mor(L
2(X))
both induce isomorphisms on associated sheaves.
4 Boolean Localization and Local sCat-Fibrations
Given a presheaf of simplicial categories X and a simplicial category C, write
hom(C,X) for the presheaf of simplicial categories defined by
U 7→ hom(C,X(U)).
Definition 4.1. We call a map f : X → Y of presheaves of simplicial
categories a local trivial sCat-fibration if and only if it has the local right
lifting property with respect to all maps
1. ∅ → ∗.
2. U(∂∆n)→ U(∆n), n ∈ N.
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We call a category C finite if and only if it has a finite number of objects
and each homC(x, y) is a finite set. We call a simplicial category C finite if
and only if it has a finite number of objects and each homC(x, y) is a finite
simplicial set (i.e. has finitely many non-degenerate simplices).
Lemma 4.2. There are isomorphisms
p∗L2hom(C,X)→ hom(C, p∗L2X)
natural in finite categories C (respectively, finite simplicial categories C) and
presheaves of categories X (respectively presheaves of simplicial categories
X).
Proof. Suppose that C is a category and X is a presheaf of categories. Note
that hom(C,X) is naturally isomorphic to hom(BC,BX) ∼= hom(sk2(BC), BX).
The simplicial set sk2B(C) is finite. Thus, by the standard properties of
Boolean localization (c.f. [14, Lemma 2.6]), we have
p∗L2hom(C,X) ∼= hom(sk2(BC), p
∗L2B(X)) ∼= hom(sk2BC,Bp
∗L2(X)) ∼= hom(C, p∗L2X).
If C is a finite simplicial category and X is a presheaf of simplicial cat-
egories, form bisimplicial presheaves C ′, X ′ such that C ′n,∗ = sk2B(Cn) and
X ′n,∗ = B(Xn). The constructions of C
′ and X ′ are natural, and there are
natural isomorphisms
hom(C,X) ∼= hom(C ′, X ′).
Note that C ′ is a finite bisimplicial set. Thus, we can use the basic properties
of Boolean localization for bisimplicial presheaves (c.f. [15, Lemma 1.17]) and
the argument of the case of presheaves of categories to complete the proof.
Corollary 4.3. There is a natural isomorphism p∗L2B ∼= Bp∗L2.
Corollary 4.4. p∗L2 preserves and reflects the property of having the local
right lifting property with respect to a map of finite simplicial categories.
In particular, f is a local trivial sCat-fibration if and only if p∗L2(f) is a
sectionwise trivial fibration in the Bergner model structure.
If X is a quasi-category, let J(X) denote its maximal Kan subcomplex.
If X is a presheaf of quasi-categories, let J(X) denote the functor J applied
sectionwise.
13
Lemma 4.5. If C is a category, then JB(C) ∼= BIso(C). In particular, Iso
applied sectionwise commutes with Boolean localization.
Proof. For the first statement, note that by construction the n-simplices
of JB(C) are precisely the strings a1 → · · · → an of invertible arrows in
PB(C) ∼= C.
For the second statement, note that both B and J commute with p∗L2
(the latter by [14, Lemma 3.6]). Thus, for a presheaf of categories C
Bp∗L2Iso(C) ∼= p∗L2BIso(C) ∼= p∗L2JB(C) ∼= JBp∗L2(C) ∼= BIso(p∗L2(C))
so that p∗L2Iso(C) ∼= Iso(p∗L2(C)).
Corollary 4.6. p∗L2 preserves and reflects local equivalences of categories.
Proof. The non-trivial part is showing that p∗L2 preserves and reflects con-
dition (2) of 3.2. Given a map of presheaves of categories f , write φf for the
map in condition (2) of 3.2. We have p∗L2(φf) ∼= φp∗L2(f) by 4.2 and 4.5.
But p∗L2 also preserves and reflects the property of being an epimorphism
on objects, as required.
Lemma 4.7. p∗L2 preserves and reflects local sCat-equivalences.
Proof. First note that pi0 is left adjoint to the functor i : CatPre(C ) →
sCatPre(C ) which regards a presheaf of categories as a presheaf of discrete
simplicial categories. We have natural isomorphisms p∗i ∼= ip∗. Thus, by
adjunction, we have a natural isomorphism
p∗L2pi0 ∼= L
2pi0p
∗L2.
Now, condition (1) of 3.7 is preserved and reflected under Boolean local-
ization by 3.5. For condition (2), note that if f is a map of presheaves of
simplicial categories, pi0p
∗L2(f) is a local equivalence of categories if and only
if L2pi0p
∗L2(f) ∼= p∗L2pi0(f) is local equivalence of categories. In turn, this is
true if and only if if and only if pi0(f) is a local equivalence of categories.
Corollary 4.8. A local trivial sCat-fibration f : X → Y is a local sCat
equivalence.
Lemma 4.9. Let f : X → Y be a map of presheaves of simplicial categories
that is a sectionwise sCat-fibration. Then f is a local trivial sCat-fibration if
and only if it is a local sCat-equivalence.
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Proof. Suppose that f is a local sCat-equivalence. Then
Mor(X)→ Mor(Y )×(Ob(Y )×Ob(Y )) (Ob(X)×Ob(X))
is a sectionwise Kan fibration and a local weak equivalence. By [9, Theorem
4.32], it is a local trivial fibration. In particular, f has the local right lifting
property with respect to U(∂∆n)→ U(∆n).
Choose an object a ∈ Y (U). The map
φf : Ob(Iso(pi0(Y ))
[1] ×(pi0Y ) (pi0X))→ Ob(pi0Y )
is a local epimorphism. Thus, there exists a covering {Uα → U} and equiv-
alences sα : f(bα)→ a|Uα.
Since each X(Uα) → Y (Uα) is an sCat-fibration, there exists an equiva-
lence s′′α ∈ Mor(X)(Uα) such that f(s
′′
α) = sα. This means that f(rα) = a|Uα
for some rα. Thus, f has the local right lifting property with respect to
∅ → ∗.
Lemma 4.10. Suppose that f is a map of presheaves of fibrant simplicial
categories. Then f is a local sCat-equivalence if and only if B(f) is a local
Joyal equivalence.
Proof. We can factorize f as a sectionwise trivial cofibration for the Bergner
model structure followed by a sectionwise sCat-fibration. Since B is the right
adjoint of a Quillen equivalence, it preserves and reflects weak equivalences
between fibrant objects, so we can assume that f is a sectionwise sCat-
fibration.
If f is a local sCat-equivalence, it is a local trivial sCat-fibration by 4.9.
But then Bp∗L2(f) ∼= p∗L2B(f) is a sectionwise trivial fibration, so that
B(f) is a local Joyal equivalence.
Conversely, suppose thatB(f) is a local Joyal equivalence. Then p∗L2B(f) ∼=
Bp∗L2(f) is a sectionwise quasi-fibration by [14, Lemma 3.14] and 2.4. Thus,
it is a sectionwise trivial fibration by [14, Lemma 3.15]. But B reflects
sectionwise weak equivalences between sectionwise fibrant objects, so that
p∗L2(f) is a sectionwise sCat-equivalence.
Corollary 4.11. Let f : X → Y be a map of sheaves of fibrant simplicial
categories on a Boolean site B. Then f is a local sCat-equivalence if and
only if it is a sectionwise sCat-equivalence.
Proof. Immediate from [14, Corollary 3.10].
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5 The Local Bergner Model Structure
Since the Bergner model structure is cofibrantly generated, there is a global
projective model structure on sCatPre(C ) in which the fibrations and
weak equivalences are respectively sectionwise fibrations and weak equiva-
lences in the Bergner model structure. The cofibrations are called projec-
tive cofibrations. The generating set of projective cofibrations consists of
objects of the form hom(−, U) × φ, where φ is a generating cofibration for
the Bergner model structure.
The objective of this section is to prove the following theorem.
Theorem 5.1. There is a model structure on sCatPre(C ) such that
1. The cofibrations are projective cofibrations.
2. The weak equivalences are the local sCat-equivalences.
3. The fibrations are the maps which have the right lifting property with
respect to maps which are both local sCat-equivalences and projective
cofibrations.
We call this the Local Bergner Model Structure. We call the fibra-
tions sCat-injective fibrations and the injective objects sCat-injective.
Lemma 5.2. Suppose that F ∈ Sh(B) is a discrete sheaf. Then
1. F is projective cofibrant.
2. For n ∈ N, let in : U(∂∆
n) ⊆ U(∆n) be the inclusion. Then F × in is
a projective cofibration.
Proof. We prove the second statement; the first is similar. If F is empty, the
statement is trivial. Thus, we can assume F 6= ∅. Consider the poset Y of
subsheaves E of F such that
E × U(∂∆n)→ E × U(∆n)
is a projective cofibration.
First note that this poset is nonempty. Choose an object x ∈ E(b), and
note that E = hom(−, b) ∼= ∗|b
x
−→ F is contained in Y .
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By way of contradiction, suppose that the largest element of this poset
is E ( F . Then E has a complement in F since B is Boolean ([9, Lemma
3.29]). Write E
∐
E ′ = F . Choose an object b ∈ B such that E ′(b) 6= ∅.
Then (∗|b
∐
E) × (in) ∼= hom(−, b)
∐
E × (in) is a projective cofibration, a
contradiction.
Lemma 5.3. If f is a projective cofibration, then p∗L2(f) is isomorphic to
L2(f ′) for some projective cofibration f ′.
Proof. If g is a monomorphism of simplicial sets, then
p∗L2(U(g)× hom(−, U)) ∼= U(g)× F
is a monomorphism for some sheaf F . It is therefore a projective cofibration
by 5.2.
By the first paragraph, p∗L2(f) is in the saturation (in the category
sCatSh(B)) of maps which have the right lifting property with respect to
the sectionwise trivial sCat-fibrations. Thus, p∗L2(f) has the right lifting
property with respect to all sectionwise trivial sCat-fibrations of sheaves of
simplicial categories.
One can factor p∗L2(f) = h ◦ g, where g : X → X ′ is a projective
cofibration and h : X ′ → Y is a sectionwise trivial sCat-fibration. A standard
retract argument now shows that f is the composite of a projective cofibration
followed by sheafification.
Lemma 5.4. Suppose that we have a pushout diagram
A
f

// C
g

B // D
where f is a local sCat-equivalence and a projective cofibration. Then so is
g.
Proof. Let Q be the fibrant replacement functor for the global projective
model structure on sCatPre(C ). Consider the iterated pushout diagram
A //

C
j
//

Q(C)

B // D // Q(C) ∪D
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The map j is a sectionwise trivial cofibration for the Bergner model structure.
Thus, we can assume that C is a presheaf of fibrant simplicial categories.
Form the iterated pushout diagram
A //

Q(A)

// C

B
j′
// B ∪ Q(A) // B ∪ C
where the top horizontal composite is a factorization of A → C. The map
j′ is a sectionwise cofibration and weak equivalence for the Bergner model
structure. Thus, we can assume that A and C are sectionwise fibrant. Using
the argument of the first paragraph, we can assume B is sectionwise fibrant
as well.
If A,B and C are presheaves of fibrant simplicial categories, then p∗L2(f)
is a sectionwise sCat-equivalence by 4.11. By using the argument at the end
of the proof of 5.3, we can show that p∗L2(f) is the composite of a sectionwise
trivial cofibration for the Bergner model structure X → X ′ and the natural
map X ′ → L2(X ′). One concludes that the pushout of p∗L2(f) is a local
sCat-equivalence, as required.
Lemma 5.5. Let α > |Mor(C )| be a regular cardinal. Suppose that we have
a diagram of monomorphisms
X

A // Y
where A is α-bounded and X → Y is a local sCat-equivalence. Then there
exists an α-bounded B, A ⊆ B ⊆ Y , such that B ∩ X → B is a local
sCat-equivalence.
Proof. This is the same argument as [9, Lemma 5.2], using 2.6 and 4.9.
Let β > |Mor(C )|. Then α = 2β + 1 is a regular cardinal. Let M be
collection of (representatives of isomorphism classes of) all α-bounded maps
which are local sCat-equivalences and monomorphisms. For each m ∈ M,
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form the factorization
C
jm //
m   ❅
❅❅
❅❅
❅❅
❅ E
pm

D
where jm is a projective cofibration and pm has the right lifting property with
respect to all projective cofibrations (by the same argument as in [6, Theo-
rem 4.8], we can take α sufficiently large so that this factorization preserves
α-bounded objects). Let J denote the set of all jm above. Note that jm is a
α-bounded local sCat-equivalence.
The following lemma can be proven using the same argument as [9,
Lemma 7.3], along with 5.5. Note that 5.5 applies in this case since every
projective cofibration is a monomorphism by 2.2.
Lemma 5.6. Suppose that q : X → Y is a local sCat-equivalence which has
the right lifting property with respect to all elements jm of the set J. Then q
has the right lifting property with respect to all projective cofibrations.
Using 5.6 and a standard retract argument, we obtain.
Lemma 5.7. A map f is an sCat-injective fibration if and only if it has the
right lifting property with respect to all maps in the set J.
Proof of Theorem 4.1. CM5 follows from 5.7 and 5.4. CM4 follows from a
standard retract argument (c.f. the proof of [9, Theorem 5.8]).
Recall the main theorem of [10].
Theorem 5.8. A quasi-category X is a Kan complex if and only if P (X) is
a groupoid.
Lemma 5.9. Suppose that X is a simplicial set. Then pi0C(X) ∼= P (X).
Proof. We have isomorphisms P (∆n) ∼= [n] ∼= pi0C(∆
n), natural in n. The
result follows since a simplicial set is a colimit of its n-simplices and both P
and pi0C are left adjoints.
Lemma 5.10. p∗L2 preserves sectionwise sCat-fibrations of presheaves of
fibrant simplicial simplicial categories.
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Proof. Let f : X → Y be a sectionwise sCat-fibration. Condition (a) on pg.
7 is equivalent to Mor(X)→ Mor(Y )×Ob(Y )×Ob(Y ) (Ob(X)×Ob(X)) being
a sectionwise Kan fibration, which is preserved under p∗L2.
On the other hand, Bp∗L2(f) ∼= p∗L2B(f) is a sectionwise quasi-fibration
by [14, Lemma 3.15]. Thus, PBp∗L2(f) is an isofibration in each section,
since quasi-fibrations have the right lifting property with respect to ∆0 →
B(pi∆1) (c.f. [10, Corollary 1.6]). We have natural equivalences
PBp∗L2(f) ∼= pi0CBp
∗L2(f) ≃ pi0p
∗L2(f)
by 2.4 and 5.9, so condition (b’) on pg. 7 is verified.
We write Ex∞ : sCatPre(C )→ sCatPre(C ) for the Ex∞ functor defined
above 2.6 applied sectionwise.
Lemma 5.11. Consider a diagram
C ×B A //
h

A
g

C
f
// B
where the A → B is a local sCat-equivalence and C → B is a sectionwise
sCat-fibration. Then C ×B A→ C is an sCat-equivalence.
In particular, the local Bergner model structure is right proper.
Proof. p∗L2Ex∞ preserves pullbacks. Ex∞ preserves sCat-fibrations, since
it preserves pi0 and the usual Ex
∞ for simplicial sets preserves Kan fibra-
tions. Thus, p∗L2Ex∞ preserves sectionwise sCat-fibrations by 5.10. It also
preserves and reflects local sCat-equivalences. Thus, we are reduced to as-
suming that all objects are sectionwise fibrant sheaves of simplicial categories
on a Boolean site. The first statement follows from the right properness of
the Bergner model structure.
For the second statement, note that a fibration for the local Bergner
model structure is a sectionwise sCat-fibration.
We call a map of simplicial presheaves a projective cofibration if and
only if it is in the saturation of
∂∆n × hom(−, V )→ ∆n × hom(−, V ),
where n runs over all natural numbers and V runs over all objects of C .
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Theorem 5.12. There is a model structure on sPre(C ) in which
1. Cofibrations are projective cofibrations.
2. Weak equivalences are local Joyal equivalences.
3. The fibrations are maps which have the right lifting property with re-
spect to maps which are both local Joyal equivalences and projective
cofibrations. We call these projective quasi-fibrations.
Proof. CM1-CM3 are trivial. Factorize a map f = g ◦h, where g is an quasi-
injective fibration (thus a projective quasi-fibration) and h is a monomor-
phism and local Joyal equivalence. Then factor h = l ◦m, where l has the
right lifting property with respect to projective cofibrations (and is hence a
projective quasi-fibration) and m is a projective cofibration. The factoriza-
tion (g ◦ l) ◦m gives one half of CM5. The other half is trivial.
CM4 follows from a standard retract argument.
Lemma 5.13. The identity map
i : sPre(C )⇆ sPre(C ) : i
is a Quillen equivalence from the local projective Joyal model structure to the
(usual) local Joyal model structure.
Proof. Trivial.
We write LBerg : sCatPre(C ) → sCatPre(C ) for the functorial fibrant
replacement for the local Bergner model structure. There is also a functor
SBerg which is obtained by applying the fibrant replacement functor for the
Bergner model structure sectionwise to a presheaf of simplicial categories.
Theorem 5.14. There is a Quillen equivalence
C : sPre(C )⇆ sCatPre(C ) : B
from the local projective Joyal model structure to the local Bergner model
structure.
21
Proof. Clearly, C takes generating cofibrations to cofibrations. We want
to show that C sends local Joyal equivalences f : X → Y to local sCat-
equivalences. We have a diagram
X
f

//BSBergC(X)
BSBergC(f)

Y //BSBergC(Y )
The horizontal maps are sectionwise Joyal equivalence by 2.4. By 2 out of
3, the right vertical map is a local Joyal equivalence. Thus, SBergC(f) and
C(f) are local sCat-equivalences by 4.10.
Thus, the adjunction is a Quillen adjunction.
Let X be a fibrant object in the local Bergner model structure. Then
X is a presheaf of fibrant simplicial categories. Thus, CB(X) → X is a
sectionwise sCat-equivalence by 2.4.
Let X be a simplicial presheaf. We have a commutative diagram
X //
id

BCX //

BSBergC(X)
ψ

X γ
//BLBergC(X)
φ
//BSBergLBergC(X)
The top horizontal composite is a sectionwise Joyal equivalence by 2.4. More-
over, by 4.10, φ, ψ are local Joyal equivalences. Thus, by two out of three,
so is γ, as required.
Remark 5.15. The preceding two results show that there are Quillen equiv-
alences relating all three models of local higher category theory.
6 The Homotopy Classification of Torsors
Definition 6.1. Suppose that we have model category M . For X, Y ∈
Ob(M) there is a category h(X, Y )M in which the objects are cocycles, i.e.
diagrams
X
f
←− A
g
−→ Y,
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where f a weak equivalence. One writes (f, g) for the cocycle depicted above.
The morphisms in h(X, Y )M are commutative diagrams
A
f
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥

g
  ❆
❆❆
❆❆
❆❆
❆
X Y
A′
f ′
``❆❆❆❆❆❆❆❆ g′
>>⑥⑥⑥⑥⑥⑥⑥
The following is [9, Theorem 6.5].
Theorem 6.2. Suppose that we have a model category M such that
1. Finite products preserve weak equivalences.
2. M is right proper.
Then the natural map pi0h(X, Y )M → [X, Y ]M defined by
(X
f
←− A
g
−→ Y ) 7→ g ◦ f−1
is a bijection.
We write sGpd for the category of simplicial groupoids.
Theorem 6.3. ([5, Theorem V.7.7]) There is a model structure on sGpd in
which the weak equivalences are maps f such that they induce weak equiva-
lences on simplicial homs and pi0(f0) is a surjection. The fibrations are maps
that induce Kan fibrations on simplicial homs and satisfy the path lifting
property.
For maps of simplicial groupoids, the path lifting property is equivalent
to condition (b) in the definition of sCat-fibration, so that the fibrations
coincide with the fibrations for the Bergner model structure.
The weak equivalences are exactly the weak equivalences for the Bergner
model structure. If f : X → Y is a map of simplicial groupoids pi0(f)
is essentially surjective if and only if pi0pi0(f) is surjective. Now, if G is a
groupoid, then a and b lie in the same path component of pi0(G) if and only
if hompi0G(a, b) 6= ∅. It follows that pi0(Gn)
∼= pi0(G0) ∼= pi0(pi0(G)) for n ≥ 0.
We write sGpdPre(C ) for the presheaves of simplicial groupoids on the
site C . We have the following local analogue of 6.3
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Theorem 6.4. (c.f [9, Theorem 9.50, Lemma 9.52]). There is a model
structure on sGpdPre(C ) defined as follows.
1. The weak equivalences are maps f : X → Y such that
(a) f satisfies condition (1) of 3.3.
(b) pi0(X0)→ pi0(Y0) is a local epimorphism.
2. A map f is a fibration if and only if W¯ (f) is an injective fibration.
3. The cofibrations are maps which have the left lifting property with re-
spect to trivial fibrations.
The weak equivalences in this model structure are exactly the local sCat-
equivalences between presheaves of simplicial groupoids.
Theorem 6.5. ([9, Theorem 9.50]) There is a Quillen equivalence
G : sPre(C )⇆ sGpdPre(C ) : W¯
between the injective model structure and the model structure of 6.4, where
W¯ is obtained by applying the Eilenberg-Maclane functor (c.f. [5, V.7.7])
sectionwise.
The following is the main theorem of [17] and is called the ‘generalized
Eilenberg-Zilber Theorem’ (c.f. also [9, Proposition 9.38]).
Theorem 6.6. There is a natural weak equivalence dB → W¯ .
Suppose that X and Y are both presheaves of simplicial categories (re-
spectively, presheaves of simplicial groupoids). Write hhyp(X, Y )sCat(C ) (re-
spectively h(X, Y )sGpd(C )) for the full subcategory of h(X, Y )sCat(C ) consist-
ing of objects (f, g) such that f is also a sectionwise fibration for the Bergner
model structure (respectively, for the model structure of 6.3).
Lemma 6.7. Let X and Y are presheaves of simplicial categories such that
Y is a presheaf of fibrant simplicial categories. Let i : hhyp(X, Y )sCatPre(C ) ⊆
h(X, Y )sCatPre(C ) be the inclusion. Then pi0(i) is a bijection.
Proof. Use the argument of [9, Lemma 6.14].
If X, Y are also presheaves of simplicial groupoids, then the statement is
also true if we replace sCatPre(C ) with sGpdPre(C ).
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Definition 6.8. We write G : Cat → Gpd for the groupoid completion
functor. We write G : sCat → sGpd for the functor defined by G(C)n =
G(Cn).
Lemma 6.9. Suppose that we have a local sCat-equivalence
f : X → Y,
where Y is a presheaf of groupoids, both X and Y are sectionwise fibrant and
X is projective cofibrant. Then the natural map
kX : X → G(X)
is a local sCat-equivalence.
Proof. Note that p∗L2(f) is a sectionwise sCat-equivalence by 4.11. Thus,
pi0(p
∗L2X) is a presheaf of groupoids since pi0(p
∗L2Y ) is a presheaf of groupoids.
Now, by 5.3, p∗L2(X) ∼= L2(X ′) for some projective cofibrant presheaf X ′.
Consider the diagram
GX ′ GDKX ′
φoo // GDKp∗L2X
X ′
kX′
OO
DKX ′
OO
oo // DKp∗L2X
kDKGp∗L2X
OO
The horizontal maps in the right hand square are both local isomorphisms.
By [4, Corollary 9.4], the map φ is a sectionwise sCat-equivalence. Because
pi0p
∗L2(X) is a presheaf of groupoids, [4, Proposition 9.5] implies kDKp∗L2GX
is a sectionwise sCat-equivalence. We conclude that X ′ → G(X ′) is a local
sCat-equivalence. But the sheafification of this map is naturally isomorphic
to p∗L2(kX). Since p
∗L2 reflects local sCat-equivalences, we conclude that
kX is a local sCat-equivalence.
Theorem 6.10. Let X and Y be presheaves of simplicial groupoids. Then
there is a bijection
[X, Y ]sGpdPre(C ) → [X, Y ]sCatPre(C )
between maps in the homotopy category of the model structure of 6.4 and
maps in the homotopy category of the local Bergner model structure.
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Proof. We can replace X and Y with their fibrant replacement in the model
structure of 6.4. In particular, we may assume that X and Y are presheaves
of fibrant simplicial groupoids. Let
i : hhyp(X, Y )sGpdPre(C ) → hhyp(X, Y )sCatPre(C )
be the inclusion. By 6.7 and 6.2, it suffices to show that pi0(i) is a bijection.
First, note that i is a surjection. Indeed, suppose that
σ : X Z
foo g // Y
is an element of hhyp(X, Y )sCatPre(C ). Let K denote the cofibrant replacement
functor for the global projective model structure on sCatPre(C ). Since Z
is sectionwise fibrant, it follows from 6.9 that GK(Z) → K(Z) is a local
sCat-equivalence. Thus,
Z
f
zzttt
tt
tt
tt
tt
g
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
X Y
G(K(Z))
dd■■■■■■■■■
h
OO
::✉✉✉✉✉✉✉✉✉
represents a map of cocycles, with the bottom cocycle an element of h(X, Y )sGpdPre(C ),
as required.
On the other hand, we will show that i is injective. It suffices to note
that if
Z
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
  ❆
❆❆
❆❆
❆❆
❆
X Y
W
``❇❇❇❇❇❇❇❇
OO
>>⑥⑥⑥⑥⑥⑥⑥⑥
26
is a map of cocycles in which everything is sectionwise fibrant, then
GK(Z)
{{✈✈
✈✈
✈✈
✈✈
✈
##❍
❍❍
❍❍
❍❍
❍❍
X Y
GK(W )
cc❍❍❍❍❍❍❍❍❍
OO
;;✈✈✈✈✈✈✈✈✈
represents a map of cocycles by 6.9.
Given a presheaf of simplicial categories A, an A-diagram consists of a
simplicial set map pi : X → Ob(A) as well as an action diagram
X ×s Mor(A) a
//

X
pi

Mor(A)
t
// Ob(A)
A map of A-diagrams is a commutative diagram
X
φ
//
pi ##❋
❋❋
❋❋
❋❋
❋❋
Y
pi

Ob(A)
which respects the action. We write sSetA for the category of A-diagrams.
In sections, this is equivalent to the internal description of functors Xn :
A(U)n → Set, compatible with simplicial identities. Thus, we can define a
simplicial presheaf holim−−−→An(Xn) by
U 7→ holim−−−→An(U)Xn(U).
We call an A-diagram a A-torsor if and only if
holim−−−→An(Xn)→ ∗
is a local weak equivalence. Let TorsA denote the full subcategory of sSet
A
of A-torsors. This definition of torsors appeared in [7], and generalizes the
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classical description of a torsor (c.f. [9, pg. 251] for a discussion).
We call a presheaf X of simplicial categories sectionwise cofibrant if
and only if X(U) is cofibrant for the Bergner model structure for all U ∈
Ob(C ). Note that this is not the same as being cofibrant for the local Bergner
model structure.
Theorem 6.11. Suppose that X is a sectionwise cofibrant presheaf of sim-
plicial categories such that pi0(X) is a presheaf of groupoids. Then there is a
bijection
pi0(TorsGX)→ [∗, X ]sCatPre(C ).
Proof. We have bijections
[∗, X ]sCatPre(C ) = [∗, GX ]sCatPre(C ) = [∗, GX ]sGpdPre(C ) = [∗, W¯GX ]sPre(C ) = [∗, dBGX ]sPre(C ),
where [ , ]sPre(C ) denotes homotopy classes of maps in the injective model
structure. The first bijection follows from [4, Proposition 9.5] and the fact
that pi0X is a presheaf of groupoids. The second and third follow from 6.10
and 6.5, respectively. The final one comes from 6.6.
On the other hand, [7, Theorem 24] gives a bijection
[∗, dBGX ]sPre(C ) = pi0(TorsGX).
Corollary 6.12. Suppose that X is a presheaf of simplicial categories such
that pi0(X) is a presheaf of groupoids. Then there is a bijection
pi0(TorsGDK(X))→ [∗, X ]sCatPre(C ).
Corollary 6.13. Suppose that X is a presheaf of Kan complexes. Then we
have a bijection
pi0(TorsGC(X))→ [∗, X ]sPre(C ),
where [ , ]sPre(C ) denotes homotopy classes of maps in the injective model
structure.
Proof. First, note that by [15, Theorem 4.10] and the fact thatX is a presheaf
of Kan complexes, we have a bijection
[∗, X ]inj = [∗, X ]LJoyal
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where [∗, X ]inj and [ , ]LJoyal denotes maps in the homotopy categories of
the injective and local Joyal model structures, respectively. The Quillen
equivalences of 5.13 and 5.14 imply that there are bijections
[∗, X ]LJoyal = [∗,C(X)]LBerg
between maps in the homotopy categories of the local Joyal and local Bergner
model structures, since Quillen equivalences induce equivalences of homotopy
categories.
Since everything in the Joyal model structure is cofibrant, C(X) is section-
wise cofibrant presheaf by the Quillen equivalence of 2.4. By 5.9, pi0C(X) ∼=
P (X). But P (X) is a groupoid by 5.8. Thus, C(X) satisfies the hypotheses
of 6.11 and we have an identification
[∗,C(X)]sCatPre(C ) = pi0(TorsGCX),
from which the result follows.
Remark 6.14. In [16, Theorem 2.3] an explicit description of C(X) for a quasi-
category X is given that may prove particularly useful for calculations. From
this description, a number of interesting properties of C(X) are deduced, such
as the fact that its simplicial homs are 3-coskeletal ([16, Theorem 4.1]).
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